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Effect of Model Error on Sensor Placement for On-Orbit
Modal Identification of Large Space Structures

Daniel C. Kammer*
University of Wisconsin, Madison, Wisconsin 53706

A theory is presented for the effect of errors in large space structure prelaunch finite element models on sensor
placement for the on-orbit independent identification of a set of selected target modes. The idea of positive net
information is introduced. If the net information matrix remains positive definite as sensor locations are deleted
from an initial candidate set, the analytical model provides useful information for the identification of the real
target modes. If the net information matrix becomes indefinite, the sensor placement analysis based on the
prelaunch analytical model will actually detract from the independent identification of the target modes. A
bound is presented that can be easily checked after each iteration during which a sensor was deleted to determine
positive definiteness of the net information matrix. Numerical examples are used to illustrate the ideas that are

presented.

Introduction

ROPOSED large space structures, such as the Space Sta-

tion illustrated in Fig. 1, will require accurate analytical
models for structural analysis, control system design, and
simulation. Therefore, testing of the actual structure will have
to be performed to identify vibration mode shapes that can be
used to correct preliminary analytical models using test-analy-
sis correlation and model-updating techniques.!-* The analyti-
cal models considered in this paper are generated using finite
element methods.

Due to size and flexibility considerations, modal identifica-
tion must take place on orbit. Minimization of weight and cost
will severely limit the sensor resources available. Unlike a
ground vibration test in which the structure can be literally
plastered with sensors, on-orbit modal identification will re-
quire that the relatively small number of sensors are placed in
an optimal fashion to identify a small number of targeted
mode shapes. Also in contrast with the ground vibration test,
sensors cannot be easily moved on orbit. Therefore, extensive
prelaunch analysis must be performed to design the sensor
configuration and determine if the on-orbit modal identifica-
tion will be successful. The ultimate goal of a designer is to
determine a sensor configuration that will guarantee on-orbit
success.

A vast amount of literature*'? has been generated dealing
with the optimal placement of sensors for identification and
control from a control dynamics standpoint. A smaller
amount of work'*>!* has been produced considering optimal
sensor placement for identification from a structural dynamics
point of view. However, only Ref. 15 addresses the important
problem of optimal sensor placement from the viewpoint of a
structural dynamicist who must use the mode shapes extracted
from the test data to update prelaunch models.

Test-analysis correlation techniques require the test modes
to be linearly independent or absolutely identifiable.# There-
fore, the sensors must be placed such that the resulting test
modal partitions can be spatially differentiated. Dependent
modes will look identical to the correlation analysis. This
requirement placed on the sensor configuration is much more
stringent than the usual observability'é required for control
purposes and popular modal identification techniques.!” The
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approach presented in Ref. 15, called effective independence,
ranks candidate sensor locations by their contribution to the
linear independence of the analytical target modes. The lowest
ranked sensor is eliminated. In an iterative fashion, the initial
candidate sensor location set is reduced to the allotted number
of sensors. This method tends to maintain the determinant of
the Fisher information matrix, resulting in better estimates of
the target mode responses.

A common thread running throughout the optimal sensor
placement literature is the use of some type of analytical
model to perform the placement analysis. None of the work
presented in the literature considers the effect of model error
in the optimal sensor placement problem. This error can be
due to incorrect input parameters, incorrect modeling tech-
niques, unmodeled dynamics, or small nonlinearities. The
omission of error effects is especially bothersome in the case
of sensor placement for the independent on-orbit identifica-
tion of selected target modes. The problem arises because the
analytical model that is to be updated based on the on-orbit
test results is being used to derive the sensor configuration that
in turn dictates the modal test data obtained. One must be
careful that the tail is not wagging the dog. The error present
in the prelaunch finite element model can result in degradation
and even failure of the on-orbit modal identification test. This
error is especially important in on-orbit identification because
a relatively small number of sensors will be used to identify the
target modes. The designer of an on-orbit test would like some

Fig. 1 Space station phase I configuration.
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form of guarantee that the experiment will work based on
sensor placement results derived from a prelaunch analytical
representation containing modeling error.

This paper presents an error analysis from within the frame-
work of the effective independence method!s for sensor place-
ment. The analysis provides a lower bound on the number of
sensors required to guarantee the spatially independent identi-
fication of the true on-orbit target modes using the prelaunch
model results. Below this bound, the sensor placement analy-
sis using the prelaunch model actually detracts from the iden-
tification of the true target modes.

Error Theory

The error analysis presented in this paper is based on the
method of sensor placement called effective independence!®
(EfI). Briefly, the method begins by selecting a set of analyti-
cal target modes for identification. This set should include
dynamically important modes and any other mode shapes with
frequencies very close to the designated important modes.
Response from other unimportant mode shapes can be re-
moved from the sensor data based on frequency. Next, a large
candidate set of sensor locations is selected that is assumed to
contain all the important dynamic information from the target
modes. A sensor output equation is assumed in the form

ug = ®sq + N )

in which & is the matrix of target modes truncated to the
candidate sensor locations, ¢ is a vector containing the target
modal displacements, and N represents stationary Gaussian
white noise with covariance intensity matrix V. For an effi-
cient unbiased estimator with estimate §, the covariance ma-
trix of the estimate error is given by

P=Elg—N@—dN =2V '8:1"'=Q! @

in which E denotes the expected value and Q represents the
Fisher information matrix.!® Maximizing Q results in the min-
imization of the covariance matrix that provides the best esti-
mate §. In its present form, the Efl method assumes that the
measurement noise is uncorrelated and possesses identical
statistical properties for each sensor leading to a diagonal
noise covariance matrix. The Fisher information matrix can
then be expressed as

1, 1
Q= ;‘I’fsq’fs = ;Af 3)

where ¢ is the noise variance in each sensor. Maximization of
Q results in the maximization of Ay; therefore, as in Ref. 15,
Ay will be referred to as the Fisher information matrix in the
remainder of this paper.

The method proceeds by computing the effective indepen-
dence distribution vector Ep that is the diagonal of the matrix

E=%,A,"'®f = O,[®]0s] 'OF 4)

Matrix E can be identified as an orthogonal projector onto the
column space of $4 with rank equal to the number of target
modes. The matrix is therefore idempotent with trace equal to
its rank. Terms within Ep thus represent the contribution of
each candidate sensor location to the rank and therefore the
linear independence of the target mode partitions. Vector Ep,
is sorted based on magnitude, and the lowest ranked sensor
location is deleted from the candidate set. The analysis is
repeated, and sensors are removed in an iterative fashion until
the desired number of sensors are attained. The method main-
tains the linear independence of the target mode partitions and
tends to maintain the determinant of the Fisher information
matrix 4,, which results in superior estimates of modal re-
sponse from the test data. This approach provides physical
insight and a computationally nonintensive method for subop-

timally selecting p sensors from a set of n candidate locations.

The effect of prelaunch analytical model error on the sensor
placement analysis is studied by assuming that the sensor
partition of the analytical target mode shapes can be written as

by =, + 5 )

where &, are the real target mode shapes at the sensor loca-
tions and &, are the corresponding errors in the prelaunch
model target modes. This general form for mode shape error
can accommodate errors due to incorrect input parameters,
incorrect modeling, unmodeled dynamics, or small nonlineari-
ties. Subtracting &, from both sides of Eq. (5) and premultiply-
ing each side by its corresponding transpose yields the relation

PLP, = DL Ps— BLO— 8Tds + 678, 6)
Making the following definitions

A, =918, ; A=-®L5—8]P5; D =5I5

Eq. (6) becomes
A=A+ A+ D )

in which A, represents the information matrix corresponding
to the real target mode shapes, A is a symmetric matrix repre-
senting the uncertainty in the analytical modes, and D is a
symmetric matrix representing the information in the mode
shape errors 6;. Information matrix A, is positive definite by
design, matrix A is in general indefinite, and without loss of
generality, it will be assumed that the unknown error informa-
tion matrix is also positive definite. The EfI sensor placement
strategy will maintain the positive definiteness and determi-
nant of the analytical model information matrix A;. In reality
it is desired to maintain the positive definiteness and determi-
nant of the true information matrix A4,.

In Ref. 15 it was shown that for m target modes there is an
m-dimensional ellipsoid, called the absolute identification el-
lipsoid, associated with the positive definite matrix 4, and
given by the relation x7A ra 'x = 1. The ellipsoid has principle
axes of length N, where \; are the eigenvalues of Ay, and
volume proportional to 14,1. The eigenvectors of A;span the
row space of the target modes ®5. The length of a line segment
from the center to any point on the ellipsoid represents a
measure of the independence of the target modes along the
corresponding direction. If one of the eigenvalues A\; becomes
zero as a sensor is deleted from the candidate location set, the
ellipsoid collapses and the target modes become dependent.
Assuming in the beginning that 4, and D are also positive
definite, the real identification ellipsoid can be associated with
A, and an error ellipsoid can be associated with D.

The objective of this work is to determine conditions under
which the prelaunch finite element model can be used to make
intelligent decisions on sensor placement for identification of
the real modes. Subtracting D from both sides of Eq. (7)
results in a new matrix /, given by

A, ~D=A;+A=1, ®)

This new matrix will be called the net information matrix.
Examining the left side of Eq. (8), if 4, — D is positive definite
(>0), then A,>D, and the real identification ellipsoid de-
fined by A, contains the error ellipsoid associated with D. In
each direction in the identification space, there is more infor-
mation in the real modes than there is in the analytical mode
shape errors. If A, — D is positive semidefinite (= 0), the
error ellipsoid now touches the real identification ellipsoid,
and finally if A, — D is indefinite, the error ellipsoid pokes
through the real identification ellipsoid.

From Egs. (7) and (8), and the identified forms of the
matrices, it can be seen that I,, >0 is a sufficient condition for
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the positive definiteness of the real information matrix A4,.
Therefore, during the course of an EfI sensor placement anal-
ysis, if after each iteration, the net information matrix could
be generated and determined to be positive definite, it could be
guaranteed that the sensor just eliminated was not vital to the
independence of the real target modes. A positive definite net
information matrix for any sensor configuration guarantees
that the sensors will be able to independently identify the real
target modes on orbit.
While the condition 7, > 0 is sufficient for the identification
- of the real target modes, it is not necessary. However, it is
proposed that I, >0 is necessary for the analytical representa-
tion to provide any positive or useful information concerning
sensor placement for the identification of the real modes. The
finite element model is then said to contain positive net infor-
mation concerning the real target modes ®,. Consider the
smallest eigenvalue Ay, of 7, with corresponding eigenvector
¥ .in POssessing unit length. Rearranging Eq. (8) and pre- and
postmultiplying by ¥7. and ¥,,;., respectively, yields

‘I’r{ﬁnAr\Pmin = Nmin + v D\I’min (9)

min

or

a = Min +d 10)

Scalar a, is the square of the Euclidean norm of the vector
¥r = ®,s ¥ in. The ith term within v, is the projection of the ith
row of &, onto the unit direction in identification space repre-
sented by ¥,,. Therefore, a, is a measure of the amount of
information contained in the real target modes along ¥ ;..
Likewise, d is a measure of the amount of information con-
tained in é;. If 7, is positive definite, A\, >0, the information
contained in the analytical mode shape partitions contributes
in a positive manner to the information contained in the real
target mode partitions along ¥,;,. For this case, there is also
an ellipsoid associated with the positive definite net informa-
tion matrix I,. If I, becomes positive semidefinite after the
deletion of a sensor, @, = d. The net information ellipsoid
collapses, and the information contained in the real target
modes along ¥, is totally due to the error in the correspond-
ing finite element model mode shapes. The analytical repre-
sentation possesses no knowledge of d,; therefore it con-
tributes no information toward the independent identification
of the real target modes. If 7, becomes indefinite, A;, <0, the
information contained in the model that is used to place
sensors for identification of the analytical target models actu-
ally detracts from the independent identification of the real
target modes. At this point, the analytical representation
should no longer be used to place sensors.

A simple example illustrates the point. Consider the case
where there are two target modes and an initial candidate set
of three sensors. Assume that the real target modes and the
corresponding EfI distribution vector are given by

1 0 1.0
e,=1 1 Ep, =1 0.5
1 1 0.5

The EfI sensor ranking indicates that sensor location 1 is vital
to the linear independence of the real target modes due to its
Ep, value of 1.0. Sensor locations 2 and 3 are of equal impor-
tance, and because their Ep, values are less than 1.0, either
location can be deleted from the candidate sensor set and the
real target modes will still be independently identified. Note
that the terms within the vector Ep, add to the number of
target modes.

Consider the case in which the analytical target modes and
the corresponding EfI distribution are given by

1 0 0.67
Fp=|1 1 Ep;=| 0.67
0 1 0.67

The sensor ranking Ej,indicates that each sensor location is of
equal importance to the independent identification of the ana-
Iytical target modes. Any one of the sensors can be eliminated
with equal impact on the identification of ®,. The finite
element model sensor placement analysis therefore provides
no information concerning the fact that sensor location 1 is
vital to the identification of the real modes. Deletion of a
sensor based on the finite element model analysis could lead to
the failure of the on-orbit identification of the real target
modes. The corresponding net information matrix and eigen-

pairs are
2 2
In = l:z z:l )\1 =0.0
0.71 0.71
¥i= [—0.71} ¥2= [0.71]

The net information matrix is indeed positive semidefinite,
which is consistent with the previous discussion. The model
provides no information along direction ¥;. The model does
provide positive information concerning the real target modes
along direction ¥,, which corresponds to the direction of rows
2 and 3 (sensor locations 2 and 3) of the real target modes ®,,.
This result is also consistent with the finite element model
sensor placement analysis. No matter which sensor is deleted,
the direction ¥, will be represented in the truncated real target
modes. This direction will thus also be represented in the real
identification ellipsoid.

Next, consider a second case in which the analytical modes
and EfI distribution are given by

A =40

1 05 0.56
=1 1 Ep = 0.56
0 1 0.89

The analysis based on the finite element model now states that
the sensor location 3 is the most important whereas locations
1 and 2 are of equal and lesser importance. Sensor 3 would be
retained and either sensor 1 or 2 would be deleted. The likeli-
hood that sensor 1, which is vital to the identification of the
real target modes, would. be deleted has been increased from
the previous example. The corresponding net information ma-
trix and eigenvalues are given by

2 2
I, = M=-013 =388
[2 1.75] ! 2

The information in the analytical model is now detracting
from the identification of the real target modes as indicated by
the negative eigenvalue.

Finally, consider a third case in which the analytical modes
and EfI distributions are given by

1 0 0.89
=] 1 1 Ep;=| 0.56
05 1 0.56

The sensor ranking based on the finite element model now
ranks sensor 1 as the most important location with sensors 2
and 3 of equal and lesser importance. Sensor 1 is not abso-
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Table 1 FEM and real target modal frequencies and
corresponding CGM values

Target mode FEM freq., Hz Real freq., Hz CGM
1 4.89 3.83 0.88
2 26.17 21.23 0.85
3 64.04 56.27 0.88
4 88.99 76.24 0.91
5 150.73 124,91 0.76

lutely vital to the identification of the analytical modes, but
the overall ranking of the sensors has the same order as the
ranking for the real target modes. Sensor 1 will be retained,
and either sensor 2 or 3 will be deleted, resulting in the inde-
pendent identification of the real target modes. The corre-
sponding net information matrix and eigenvalues are given by

I [2.75 2]
" 2 2

Positive eigenvalues indicate that 7, is positive definite. There-
fore, the model is now providing positive information to the
real target mode identification for all directions in identifica-
tion space. It is important to note that the determinant of the
analytical information matrix A, has the same value of 2.25
. for both cases two and three. Thus the total amount of infor-
mation contained within the finite element model target modes
is the same for the two cases. However, the amount of infor-
mation that is applicable to the identification of the real target
modes (net information) did change as the analytical modes
were changed.

These simple examples are consistent with the propositions
that a positive definite net information matrix 7, is a sufficient
condition for the guarantee of the independent identification
of the real target modes on orbit and a necessary condition for
the intelligent use of the prelaunch analytical representation to
place sensors.

A =0.34 A =4.41

Bound Theory

With the error theory presented in the last section, it re-
mains to determine the bounds on a suitable norm of the error
&, such that the net information matrix is positive definite.
Over the past decade, dynamicists working in the area of
robust control system design have been concerned with deter-
mining bounds on the norm of the perturbation matrix A such
that if matrix A is stable (all eigenvalues have negative real
parts), A + A will remain stable. The results obtained for this
stability problem are directly applicable to the determination
of the positive definiteness of the perturbed matrix I, =
As + A that is being addressed in this paper. Several refer-
ences!%23 have considered the case in which A is of a general
form and A is allowed to be complex and unstructured. How-
ever, there is an absence of results specifically addressing the
more restricted case of real symmetric A and structured real A
that is of interest in this work.

For the complex unstructured case, Qiu and Davison? pre-
sent a necessary and sufficient bound for the norm of A.
Assuming A to be a normal matrix (A4 = 447), if A is
bounded by its L% or spectral norm, A + A is stable if and only
if

HAl) = oma(A) < (11)

1
MsT—A) N
in which Il - II, denotes the 2 norm, o, denotes the maximum
singular value, and I - ., is the > norm? given by

IsT—A) e = sup {NIGwl~A) I} (12)

wz0
where sup denotes the supremum and j = (— 1)*. Application
of this tight bound to the determination of the positive defi-

niteness of I, = As + A in which both A4 and A are real and
symmetric results in the condition

Omax(A) < AminlA) (13)

where Amio( - ) denotes the smallest eigenvalue of A;. Unfortu-
nately, unlike the general case, while Eq. (13) is sufficient, it is
not a necessary condition for the positive definiteness of 7.
This is due to the fact that in the case of interest, the perturba-
tion A is structured, i.e.,

A= -85, — 8Py

Only the modal error matrix §; itself is unstructured. There-
fore Eq. (13) gives a conservative condition on A for the
positive definiteness of I,

Rather than A, a condition for the positive definiteness I,
must be derived in terms of a suitable norm of §,. The selected
measure of modal error size must have physical meaning to the
structural dynamicist. For the present case, a condition will be
derived in terms of 18, /1, which is the Euclidean norm of the
largest modal error vector. That is, I8yl = max 5l where
85 is the ith column in §,. Therefore, to use the condition in
Eq. (13), 0max(A) must be related to I8y, Using the usual
properties of matrix norms and the definition of A yields

1AL, < 1BL8, 1y + 18] Bpclly < 204 11516, (14)

However,

I Qfs "2 = \ﬁ\max(‘p}; ‘I>fs) = \[)\max(Af)
therefore

"A"z <2V Amax(Af) "65 "2 (15)

Considering the modal error information matrix D = 8T8y,
where as earlier 15,11, = [Amax(D)1”, and using the trace identi-
ties

m m
tr(Dy= L D)= Y 5,12
i=1 i=1
results in the inequality
AmalD) = m 18,112 (16)

where m is the number of target modes.
Finally, Egs. (15) and (16) can be combined to give the
desired relation

NAl, < 21 %N Aax(Ay) 18 maxl a7

A sufficient condition for the positive definiteness of the
information matrix 7, is thus given by

1 M )\max(A f )

18 maxll < ==
" " 2Vm cond(A4y)

(18)

where cond( - ) is the condition number in the spectral norm.
Assuming a maximum value for target mode error, for exam-
ple, 10% of the Euclidean norm of the largest analytical target
mode, a user can easily compute the right side of Eq. (18) and
check for positive definiteness of I, after each sensor is deleted
during the sensor placement analysis. Checking the form of
the right side of Eq. (18), it is found to be physically reason-
able. It is inversely proportional to the number of target
modes, i.e., as the number of target modes increases, more
information is needed in the analytical target modal partitions
to identify the real target modes. It is also inversely propor-
tional to the condition number of A,. Orthogonality of the
analytical target mode partitions ¢, promotes the identifica-
tion of the real target modes.
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Fig. 3 Effective independence values for 5 FEM target modes and 22 candidate sensor locations.

The drawback of the derived positive definiteness condition
given by Eq. (18) is that for many cases it can be very conser-
vative. More research by both the controls and structural
dynamics communities on stability conditions for real struc-
tured perturbations of real symmetric matrices is needed.
However, the derived bound can provide some meaningful
insight into the number of sensors required for the guaranteed
identification of a set of real target modes given a sensor
configuration based on a prelaunch finite element model with
an assumed level of error.

Numerical Examples

Simple examples using an elastic beam to simulate a large
space structure will demonstrate the ideas put forth in this
paper. The finite element model consists of a uniform free-
free beam. The actual on-orbit structure is simulated by the
same beam with a large concentrated mass at the center repre-
senting a significant error in the analytical representation for
demonstration purposes. Both models initially contained a
transverse displacement and in-plane rotation at each of the 22

grid points along their lengths. The mass and stiffness ma-
trices were statically reduced to just the 22 transverse displace-
ment degrees of freedom. For this example, the 22-degree-of-
freedom models will represent the full order analytical and
real structure representations.

Eigenvalue solutions for each full order mode produced two
rigid body modes and twenty elastic mode shapes. Five of the
elastic finite element model mode shapes were selected as
target modes. Table 1 lists the analytical target mode frequen-
cies, the corresponding real structure modal frequencies, and
the related cross-generalized mass (CGM) values. The cross-
generalized mass value for the ith analytical/real target mode
pair is computed using the relation

CGM; = ‘I’fTsiMFEM‘I’rsi

in which Mgz, is the analytical mass matrix. The mode shapes
are normalized such that a value of CGM; = 1.0 corresponds
to perfect shape correlation between the ith analytical target
mode and the corresponding real mode. Values below 0.8
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Fig. 6 Fisher information matrix determinants vs iteration.

indicate significant differences between finite element model
and real mode shapes. Figure 2 illustrates the first analytical
target mode.

The initial candidate sensor location set was assumed to
contain all 22 transverse displacement degrees of freedom.
The effective independence ranking of each of the initial sen-
sor locations based on the independent identification of the
five selected analytical target modes is illustrated in Fig. 3. As
expected, the ends of the beam are the most important loca-
tions; however, an EfI value of 0.56 indicates that these loca-
tions are not absolutely vital to the identification of the target
modes. Based on the analytical mode shapes, the Efl method
was used to eliminate 17 sensors, one during each iteration,
resulting in five suboptimal sensor locations that tend to main-
tain the determinant of the associated Fisher information ma-
trix.

For this example, the real target modes are known; there-
fore the net information matrix 7, can be computed at each
iteration and checked for positive definiteness. If the net in-
formation matrix is positive definite, the finite element model
is providing positive or beneficial information to the identifi-
cation of the real target modes, and thus another sensor can be
deleted based on the results of the sensor ranking. Figure 4
illustrates magnitudes of the eigenvalues of the net informa-

tion matrix for all 17 sensor iterations. At the seventh itera-
tion, after six sensors have been deleted from the initial candi-
date set, one of the eigenvalues becomes negative, and thus the
net information matrix becomes indefinite. A second eigen-
value becomes negative at the 12th iteration.

Beyond the seventh iteration, there exists a direction in the
identification space along which the model detracts from the
identification of the real target modes. This direction is along
the eigenvector V., corresponding to the minimum eigen-
value as presented in Eqs. (9) and (10). The parameters in Eq.
(10) are illustrated in Fig. 5 at each of the 17 iterations for the
example sensor placement analysis. Parameter a, represents
the amount of information in the real target modes along
¥ min, d represents the amount of information contained in the
analytical mode shape errors, and Ay, represents the contribu-
tion of the analytical representation. At the seventh iteration,
the finite element model contribution becomes negative, and
the information within the real target modes becomes less than
the information in the modal error vectors.

Figure 6 presents the value of the determinant vs iteration
for the finite element model Fisher information matrix, which
is a measure of the volume of the corresponding absolute
identification ellipsoid. This curve is based on EfI sensor
placement using the analytical target modes. Note that the
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method tends to maintain the value of the determinant. The
figure also illustrates the value vs iteration of the determinant
of the Fisher information matrix corresponding to the real
target modes, assuming the sensor placement analysis was
based on the real target modes. The third curve in the figure
presents the determinant of the real Fisher information matrix
vs iteration when the sensor truncation analysis is based on the
analytical target modes. This curve represents the actual on-
orbit results using a sensor configuration that is derived based
on maintaining the independent information in the prelaunch
analytical target modes. Note that after the seventh iteration,
corresponding to an indefinite net information matrix, the
determinant of the real Fisher information matrix falls off
rapidly and irregularly. In this regime, the ‘“‘goodness’’ of the
sensor configuration for the identification of the analytical
target modes actually detracts from the independent identifi-
cation of the real target modes, resulting in large amounts of
information loss after a further sensor deletion. This is espe-
cially evident after the 12th iteration where a second eigen-
value of 7, has become negative.

Unfortunately, during an actual prelaunch sensor configu-
ration design analysis, the analyst will not have any knowledge
of the real target modes. The sensor placement will be based
solely on the finite element model. However, the analyst will
want to place sensors in sufficient numbers to guarantee the
identification of the real target modes on orbit. Assuming a
level of modal error based on engineering judgment, Eq. (18)
can be used in conjunction with the EfI sensor placement
method to determine the iteration at which the prelaunch
finite element model can no longer be used for sensor place-
ment. This approach yields the number of sensors required to
guarantee on-orbit independent identification based on pre-
launch finite element model analysis. Figure 7 illustrates the
number of sensors required for on-orbit identification of the
real target modes based on the five analytical target modes
selected for the uniform beam example assuming varying lev-
els of maximum modal error. The plot indicates that if the
length of the maximum error vector is 15.0% of the length of
the largest analytical target mode shape, the finite element
model will provide no useful information for sensor place-
ment.

Error of 15% is certainly not unexpected in prelaunch ana-
lytical representations. However, the analysis used to generate
Fig. 7 assumes that all of the modal error vectors are shorter
than 15.0% of the longest analytical target mode. Therefore,
percentage error corresponding to analytical modes with

shorter Euclidean lengths could be greater than 15.0%. Also,
as indicated previously, the condition for positive net informa-
tion given by Eq. (18) can be very conservative in many cases.
However, the theory and bound presented in this paper can be
used to give sensor configuration designers an idea of the
number of sensors required for independent on-orbit modal
identification for a given level of model error.

Conclusion

Structural dynamicists will be required to update prelaunch
finite element representations of large space structures based
on test-analysis correlation techniques that use on-orbit target
test mode shapes. To perform this analysis, the test mode
shapes must be spatially or linearly independent. A previous
work has presented an iterative method called effective inde-
pendence that suboptimally selects p sensors from a much
larger candidate set such that the amount of independent
information retained in the analytical target mode partitions is
maintained as high as possible. This paper has presented a
theory, within the framework of the effective independence
method, for the effect of prelaunch model error on the inde-
pendent on-orbit identification of the true target modes. The
idea of a net information matrix has been introduced. If the
net information matrix is positive definite, the finite element
representation of the target modes provides positive or useful
information about the independent identification of the real
target mode shapes. The positive definiteness of the net infor-
mation matrix is a sufficient condition for the guarantee of the
independent identification of the real target modes using a
sensor configuration derived based on the finite element
model. In the regime where net information is indefinite, the
goodness of the sensor configuration for the identification of
the analytical target modes actually detracts from the indepen-
dent identification of the real target modes, resulting in large
amounts of information loss after further sensor deletions. A
conservative bound for assumed model error was also pre-
sented, relating the number of target modes and the condition
number and the largest eigenvalue of the finite element model
Fisher information matrix. Below this bound, the net informa-
tion matrix is indefinite, and sensor placement based on the
finite element model will detract from the identification of the
real target modes. If the bound is checked after each iteration
during which a sensor is deleted, the number of sensors that
are required to guarantee independent identification of the
real target modes on orbit can be determined. Even though the
bound can be very conservative, the user can still obtain a feel
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for the number of required sensors for an assumed level of
prelaunch model error. As further stability results are ob-
tained from the robust control design community for real
symmetric matrices with real structured perturbations, the
bound given in this paper can be tightened, providing a more
useful tool for on-orbit sensor configuration design.
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